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TMD evolution®™ formalism

»Phenomenological fits of the TMDs has been performed so far
neglecting QCD evolution or applying QCD (DGLAP) evolution
only to the collinear part of the TMD parametrizations.

»In 2011 Aybat, Collins, Qiu & Rogers presented their TMD evolution formalism
applicable to the unpolarized PDFs (or FFs) and to the Sivers function

*J.C. Collins, Foundation of Perturbative QCD, Cambridge Monographs on Particle Physics,
Nuclear Physics and Cosmology, No. 32, Cambridge University Press, 2011,

*S. M. Aybat and T. C. Rogers, Phys. Rev. D83, 114042 (2011), arXiv:1101.5057 [hep-ph]
*S. M. Aybat, J. C. Collins, J.-W. Qiu and T.C. Rogers, arXiv:1110.6428 [hep-ph]

»Can this formalism be applied to fit the data?
»How can it be compared with the traditional approach?

e S



s

Turin standard approach (DGLAP)
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Turin standard approach (DGLAP)

»>Unpolarized TMDs are factorized in x and Kk, . Only the collinear part evolves

with DGLAP evolution equation. No evolution in the transverse momenta:

Collinear PDF (DGLAP evolution)

Normalized Gaussian: no evolution
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Turin standard approach (DGLAP)

> The Sivers function is factorized in x and Kk, and

proportional o the unpolarized PDF.

ANfoi (@, k13Q) = 2N, (@)h(ky)fyp(z, ki Q)

Proportional o the unpolarized TMD

(ag+Bq)
Nofw) = Nyas(1 — oy Lot P
g 3"
k

h(ki) = V2 —= ¢ FL/AE No 2k a
S 17 AN () = 2 )

-------------------------------------------------------------------------
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Turin standard approach (DGLAP)

> The Sivers function is factorized in x and Kk, and

proportional o the unpolarized PDF.

ANF o (2, k:Q) = 2Ny(@)h(ky)fyp(z, ki Q)
k| e kL/()s
My w(k1)

= 2Ny(@) fyyp(; Q)V2e

Collinear PDF (DGLAP)

Bq (g + Bq)(acﬁﬁw
g HBq
ag"fgt

oy MP(KD) 5 -~ 2k i
(k1)s = ]\./[124_(]{%_} EAqu/pT(xnkJ_) — _m_J_flJ_T(xa kJ-)

N, (z) = Ny (1 — x)

Aaaraseds




I AT AT T AT A AT T IT I L]

TMD evolution formalism*

*J.C. Collins, Foundation of Perturbative QCD, Cambridge Monographs on Particle Physics,
Nuclear Physics and Cosmology, No. 32, Cambridge University Press, 2011.

*S. M. Aybat and T. C. Rogers, Phys. Rev. D83, 114042 (2011), arXiv:1101.5057 [hep-ph]
*S. M. Aybat, J. C. Collins, J.-W. Qiu and T.C. Rogers, arXiv:1110.6428 [hep-ph]
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TMD evolution formalism

»Let us denote with F either a PDF (or a FF)
or the first derivative of the Sivers function in the impact parameter space:

/ EI/P (x, bT; Q) Unpolarized PDF

F(.’L’, bT; Q) > Eh/q(za bT§ Q) Unpolarized FF

L f b First derivative of the
1 (2, b7; Q) Sivers function
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

0

Corresponding to Eq. 44 of Ref [*] with K=0and : |1 = Cr = (p = Q?

*[*]S. M. Aybat, J. C. Collins, J.-W. Qiu and T.C. Rogers, arXiv:1110.6428 [hep-ph]
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

In Q}
Qo

S

(2, b7: Q) = ﬁ(xa br: Qo) E(Qa Qo,br) exp {—QK(bT)

Output function at the scale Q
in the impact parameter space

Input function at the scale Q,
in the impact parameter space

Evolution kernel
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

> ﬁ(flﬁ, bT§ Q) — ﬁ(ﬁ}, bTE QO)(E(Q: QU? ij exXp {_gK(bT) n QQ}

0

»Perturbative part of the evolution kernel
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

A\

Fla.br: Q) = F(x. by Qo)( (Qon,ij exp{—gK(bT)ln QQ}

0

»Perturbative part of the evolution kernel

,.,_, Ho Qq 2
R(Q,Qo.br) = exp {lﬂ—/ ﬁf Ve (1) / IMW’F (Ma %)}
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

A\

In —=

F(z,br; Q) = F(x, by QU)E(Q,Qoaij eXp{_gK(bT) go}

»Perturbative part of the evolution kernel

o -nlnd 4 [T

2CF
2 &
il e ) = () (5—111—)

Vi (p) = as(p)
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

> ﬁ(flﬁ, bT? Q) — ﬁ(il?, bT§ QU)[E(Qa QU? ij exXp {_gK(bT) n QQ}

0

»Perturbative part of the evolution kernel

D i Qq 2
R(Q,Qo.br) = exp {lng T‘f%{m’) +/ o (u’ Q_)}

Scale that separates the perturbative region
from the non perturbative one

s
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

> ﬁ(flﬁ, bT? Q) — ﬁ(il?, bT§ QU)[E(Qa QU? ij exXp {_gK(bT) n QQ}

0

»Perturbative part of the evolution kernel

- / “d ’
R(Q,Qo,br) = exp {lﬂ < —M,’}’K(Mf) + / —M’YF (Na Q_2> }

QOQOM o M H

! One of the possible prescription
T

[y = ——— — (', = 2¢— & | Yo separate the perturbative region
b (br) V07 from the non perturbative one

s
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TMD evolution formalism

»At LO the evolution equation can be summarized by the following expression:

%ﬁ(ﬂf,bT,Q) — ﬁ(xabTﬁQU) E(Q:QOabT) eXp{

—

»Non Perturbative (scale independent) part of the evolution kernel
that needs to be empirically modeled

1 Common choice used in the
unpolarized DY data analyses
in the CSS formalism

gr (br) ﬁgz b7

&92 — ().68  Landry et al. Phys Rev D67, 073016

s




TMD evolution formalism

»One can get the TMD in the momentum space by Fourier tfransforming:

N 1 [ -
fop(. kL:Q) = %/O dbr br Jo(k1br) fq/p(2,01: Q)

. 1 [o° N
Dyyg(z,p15Q) = %/0 dbr by Jo(krbr) Dy yq(2,b1: Q)

fil (e ki Q) =

o [ b br Bhibr) b @

€ ki Sd

fq/pT(xukL:S;Q) - fq/p(xukL;Q) f (33 k1 Q) jﬂj
p

Eij ,{i Sj
kL

= fq/p(aja kL;Q) + §Aqu/pT (x, Fos Q)
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Parametrization ot the input functions

0

F(x,br; Q) {ﬁ(fca br: onﬁ(Qa Qo,br) exp {—QK(bT) [n QQ}

»We want to compare the effect of TMD evolution vs our traditional approach (DGLAP)

i

»Same parametrization of the input function at the initial scale
in the trasverse momentum space.
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Parametrization ot the input functions

F(x,br:; Q) {ﬁ(az, br; QO)E(Qa Qo,br) exp {—QK(bT) In QQ}

0

Example: unpolarized pdf

ﬁ(m, bT; QO) _ fq/p(x’ by QO) Fourier transf. > fq/p(xa ]'fJ_; QU)




Parametrization ot the input functions

F(x,br:; Q) {f(az, br; onﬁ(@ Qo,br) exp {—QK(bT) In QQ}

0

J?;/p(% br; Qo) = fo/p(x, Qo) exp {—a” b} |------- :
C T I'Jl_zz
E fq/p(a:a kJ_:QU) — fq/p(ajaQO) Ufﬁ_) € KL/CKL i-- ();2--:--<;€?_->-/21-



Parametrization ot the input functions

F(z, by Q) {ﬁ(az, br; QOJE(Q, Qo,br) exp {—QK(bT) In QQ}

0




s

Parametrization ot the input functions

T

F(x,br; Q) { (2, bp: Qo) (@, Qo,br) eXp{—gK(bT)lﬂ—

%)

0

{ 47 =0)s =

M U2
ERTEY
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Parametrization of the input functions

»Then the evolution equations for unpolarized TMDs become simply:

ﬁ]/p(xabT;Q) — fQ/p(xaQO) E(Q,QO,bT) eXp {_b% (&2 T 922 n go)}

Dija(2:b5:Q) = 23 Di(:1Qo) R(Q. Quibr) exp{ 85 (2 + Zin L)}

»While for the Sivers function we have:

E%(%bT;Q) — —272 fffp(iU;QO)E(QaQO,bT)bT exp {—b% (72 1




R(Q.Qq.by)
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Analytical (approximated) solution of the

TMD evolution equation

>§(Q,QO,bT) exhibits a non trivial dependence on b_

that prevents any analytical integration
35 ———r—

3

2.5 r

15 |

o |

Q%= 24 GeV?> —— -

| TQ(Q,QO,bT) becomes constant for b_>1 GeV b
Q%= 20 GeV? —---- :

_/

—

We can therefore neglect the R dependence
on br and define:

s

R(QQU) = E(QQOE)T N OO)

Good approximation for large b_i.e. small k;




Analytical (approximated) solution of the
TMD evolution equation

»For instance, replacing R with R in the unpolarized, we get:

ﬁ]/p(iU,bTQQ) — fq/p(.’L',Qo) R(QaQO) exp {@2 4 2 92 In %)}

Which is Gaussian in b_, and will then Fourier-transform into a Gaussian in k|

~ _ki
farp(@, ks Q) = fep(e, Qo) R(Q, Qo) : wg)

w(Q, Qo) = (k1) +2 9> 111@2
0

Aaareeds




Analytical (approximated) solution of the
TMD evolution equation

»Similarly, for the unpolarized TMD fragmentation function, we have

ﬁh/C](zapJ_E Q) = Dj/q(2, Qo) R(Q. Qo) e_pL

W

= wp(Q. Qo) = (p7) + 22 gzlng
0

Aaareeds
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Analytical (approximated) solution of the

TMD evolution equation

»>For the Sivers distribution function, we find:

2\2

_ e
Aqu/pT(xakJ_a ) ]{J_ \/_ <kJ_>S Aqu pT('CU QO) (Q QO) Cl

My T (k) mws)
: _ Q
ws(Q. Qo) = (K1)s + 29 ln@
S S T T
AN Jyp (ki) = =S e k)] ()5 = gt

aareeds
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Comparative analysis of TMD evoultion

quations
8 L] T L L] L] 8 T T L L] T
N IMD —— 3 TMD ——
\ DGLAP ---- \ DGLAP ----
[ TMD Analytical ==~ ] [ TMD Analytical ------ ]
\ \
6F \ 6 F \
A \‘
—_— ‘ —_—
—"‘__' s ‘\ _\2 St \\‘
- \ —
. : !
T o4F N Q=24 GeV? T 4P Q=20 GeV?
S =)

Starting scale Q,=1 GeV DGLAP evolution is slow at For the unpolarized PDF, the

Same function at Q, moderate x and in this analytical approximation
range of Q?

holds up to large k,

s
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Comparative analysis of TMD evoultion
equations

s

0.7

06 F

05}

04 |

™D ————
DGLAP ----
TMD Analytical ------ 4

Starting scale Q,=1 GeV
Same function at Q,

0.7

™D ———
DGLAP ----
06 TMD Analytical ------ .
N
o5f / \
, ‘
! “
04 F / \ Q=20 GeV?

For the Sivers function,
the analytical approximation
breaks down at large k, values
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Fit of HERMES and COMPASS SIDIS data

o N : dgta—"ta y |
> f dos dpy d* k1 ANy, (2, kL, Q) sin(p — ¢s) 02 Dg(2,p.1, Q) sin(¢n — ds)
qﬂl;gfﬁh —os) _ _4 - - -
) . dita—ta
Z/dﬁi’ﬂd(ﬁhdgﬁl fql.-‘p(‘r: kJ_aQ) sz D?(z:pl:QJ
q

11 free parameters

~ —~ Jm'rut. ﬁ'rdl. ﬁ"rs
Aqu/pT (x,k1;Q0) = QNq(x)h(kl)fq/p(% ki;Qo) N, N; N.
‘|‘ /8 )(anqu) Xy g MNgeq
NZE:NZanl—LUBq(aq q u w
(@) = Ny 2™ ) e gl 3 M; (GeV/c) .
h(k) = V2e % e k1/M;
. : 1 2 Fixed parameters
fq/p(xakJ_QQO):fq/p(xaQO) 7T<]€2>€ + + 1
1
5 . L0 (k1) = 0.25 GeV*?
go = 0.68 GeV?

vaids
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Fit of HERMES and COMPASS SIDIS data

»We perform 3 different fits:

aTMD-fit (computing TMD evolution equations numerically)

®TMD-analytical fit (solving TMD evolution equations in the analytical approx.)

®DGLAP fit (using DGLAP evolution equation for the collinear part of the TMD)

»Data sets:

®HERMES (2009) T+ - ¥ K+ K-
®COMPASS Deuteron (2004) mt+ - K+ K-

®COMPASS Proton (2011) h+ h-

R S S
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Fit of HERMES and COMPASS SIDIS data

x2 tables 11 free parameters, 261 points

TMD Evolution (Exact)  TMD Evolution (Analytical) = DGLAP Evolution

Xt = 255.8 o = 2757 | .. =315.6]
Xa.o.f = 1.02 Xa.o.r = 1.10 X705 = 126

AT TITA AT AT AT T T LTI ]
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Fit of HERMES and COMPASS SIDIS data

x2 tables 11 free parameters, 261 points

TMD Evolution (Exact)  TMD Evolution (Analytical) = DGLAP Evolution

X7or = 255.8 X2, = 275.7 Y2, = 3156
X0 = 1.02 Xa.0.r = 1.10 [xi,o,f — 1.26]

AT TITA AT AT AT T T LTI ]
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Fit of HERMES and COMPASS SIDIS data

x2 tables 11 free parameters, 261 points

TMD Evolution (Exact)  TMD Evolution (Analytical)

DGLAP Evolution

Xtot = 255.8 X2 = 275.7 Y2, =315.6

Xao = 1.02 X3¢ = 1.10 Xoop = 1.26
2 =10.7 i 2 =129 2 _ 975
HERMES X’ll — . 7 points qu = ‘ Xy = .
5 Xz = 4.9 X: = 4.3 - =20
Xp, = 9.1 Xp, = 10.5 XP,. =225

2 . 2 2

Xo = 6.7 9 points Xz = 11.2 [ Yo = 29.2 ]
COM,';ASS - =178 . = I8.5 2 — 16.6
Xp, = 124 Xp, = 24.2 Xp, = 11.8

e
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Fit of HERMES and COMPASS SIDIS data

HERMES PROTON COMPASS PROTON

0.1 F - 01}

ST

[ @ 127 155 183 217 282 434 775 105 205 |

J— TMD - o
0.05 F ———_ DGLAP | | TMD

. 005 F ---- DGLAP

[ o TMD Analytical =, ] [ --—-- TMD Analytical

0 0.1 0.2 0.3 001 01
XB XB

e
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Fit of HERMES and COMPASS SIDIS data

A. Airapetian et al., Phys. Rev. Lett. 103, 152002 (2009), arXiv:0906.3918 [hep-ex]

HERMES PROTON - TMD HERMES PROTON - DGLAP
015 } 0.15 }
01} 01}
0.05 | 2 005}
£
0 g 0
-0.05 } 27 005}
01} 01 F
-0.15 015 }
015 | 0.15 }
01} 01}
0.05 | 2 005F
£
0 £ 0
-0.05 | 2 005}
01F + - - 01k
-0.15 | + + - -0.15 F
015 } | + . 015 } -
01} + + . 01}
R ) R
0.05 R L ; 2 005 e e L 5
D [~ ¥ - - - - T - — T [} B iy 3 0 ™ ¥y =g T —— T £] e ——= —
3 [} : E% E= g I Eiﬂﬂ%%
-0.05 + + : % -005}
01 + + . 01 F
-0.15 + + . 015}
0 0.1 0.2 03 02 04 06 02 04 06 08 1 0 0.1 0.2 03 02 04 06 02 04 06 08 1
XB Zph PT [GeV] XB Zp PT [GeV]
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Fit of HERMES and COMPASS SIDIS data

F. Bradamante, arXiv:1111.0869 [hep-ex]

COMPASS PROTON - TMD COMPASS PROTON - DGLAP
015 } ntoT 1 - 015 | T
01} T 1 1 01 f
0.05 } + . 5 .+ - @ 005}
0 -,,JMim,-,,T,i,,,,,,,,,,,,-fﬁf},i,fia = 0
-0.05 } '5;,:5 005}
0.1} 1 1 ; 0.1}
0.15 | T 1 - 015 }
015 } T 1 1 015 } b
01} 1 1 ; 01} + 1 1
0.05 } T 1 : 2 005f 1 T 1
0 -——#ﬁ%ﬁéa-—*—éﬁi%p“. =g + g 0 -——#lﬁél——"— < e ) B S e S
-0.05 } 1 1 %2 005} 1 1 1
0.1} T 1 - 0.1}
0.15 | T 1 1 015 }
0.01 0.1 02 04 06 08 0.5 1 15 0.01 0.1 02 04 06 08 0.5 1 1.5
Xg Zh Pr [GeV] Xg Zh Pr[GeV]
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Fit of HERMES and COMPASS SIDIS data

TMD Evolution DGLAP Evolution
012 o
0.08 F

0.04 F

0
0.04 f
0.08 |

xaN #1)(x)

QO=1 GeV

S
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Conclusions and further remarks

* We have analyzed the Sivers effect by up-grading old fits
with the addiction of the most recent HERMES and COMPASS
SIDIS data.

* We have applied TMD evolution equations to the
phenomenological analysis of the Sivers effect.

* We have compared the analysis obtained using TMD evolution
equations with the results found by considering the DGLAP
evolution of the collinear part of the TMDs.

* SIDIS data support the TMD evolution, but further
experimental data covering a wider range of Q° values are
necessary to confirm these results.
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COMPASS PROTON

0.1 F -
+
h
0.05 f .
~ |
<
e
=
=
7] I
< oF T -
[ (Qz) 127 155 183 217 282 434 775 105 205
9,=0.68 GeV? b, =0.5 GeV"’
-0.05 9,020 GeV2 b, =15GeV! —=== -
| . DGLAP - - - - - '
0.01 0.1
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Nsiprs < AN f(x,Qo)D(z,Qo)V2e

NSIDIS 2 2
(P7)35in ° = 2°Wwg,, +Wip

2

wz(Q, Qo) = (k7 )s + 29> IDQ

Qo

= wp(Q, Qo) = (]

Y+ 22%go In @
0

»Here is squared,
strongly suppress the
asymmetry as it
becames larger and
larger

»0.2 <z<0.8
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»Numerator of the asymmetry in analytical approximation for a DY process

Npy o ANf(a:th)f(afzaQO)‘/Q_eMl (k2

2\ DY 2 2
(Pr)siv = W5y + W5

9 5 Q »Here is squared,
ws(Q, Qo) = (k1)s +2g21In @ strongly suppress the
asymmeftry as it
becames larger and

w*(Q, Qo) = (k1) +2¢2In QQ larger
0

>g, is more crucial for DY processes than for the present SIDIS data
(because of a wider kinematical range in Q?)

e
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P V< Iz T ,-
—Q'F K (b ) + o vr(g(p'); 1) — In —= vx(g(#))]

- AT (2, by o, Q) expd In K (by; pup v ,

{;’_‘f(lf,bT;,u,CF) FlT €, 07 , Qo - \HE

Ho
v VCr
71y dﬂ." CF L;)] g (bT) In _} (44)
+/}£0 ,LL" In QO P}{K(Q(; K QO
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